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1. Introduction 


During the last years progress has been made in the understanding of branes on 
group manifolds. In the pioneering work of Klimcik and Severa [jlj additional topological 
conditions required for writing down a well-defined WZW action on a world-sheet with 
boundary were formulated. In that work also one-, two- and three-dimensional branes on 
SU( 2) satisfying these conditions were found, but the symmetry properties of those branes 
remained obscure. These topological conditions were analyzed further in [2j , 0 . 

Following these findings, in 0 maximally-symmetric solutions to these conditions, 
which are quantized conjugacy classes, were found. These branes were extensively studied 
and, by now, an almost complete understanding of them has been established: their La- 
grangian formulation 0,0, the DBI action, stability properties 0 , non-commutative 
geometry [7], 0 etc. 

Recently, using T-duality and the boundary state formalism, in 0 and |jT7T| non- 
maximally symmetric branes on group manifolds and parafermionic target spaces, called 
B-branes, were found, preserving only part of the diagonal chiral algebra. In | |TT| | , the 
vectorial and axial symmetries, obtained with algebraic methods in |TT| , were checked 
and confirmed in the Lagrangian formulation. It was also shown in ||T2| that boundary 
conditions defining B-branes on group manifolds admit axial gauging, resulting in B-branes 


on parafermionic target spaces. In |]T3[ , a generalization of these methods was suggested, 
associating symmetry breaking branes to certain quantized chains of subgroup embeddings. 

In this work we study the geometry and the DBI action of the non-maximally sym¬ 
metric branes on SU(2) introduced in 0 , using the Lagrangian formulation suggested in 

in ■ 

In section 2 we analyze the geometry of the branes and find that, generically, they are 
(1/(1) x S 2 ) jZ-x- For even values of k. branes covering the whole group, in the complement 
of a big circle, exist and coincide with one of the branes found in [jl] . 

In section 3, using the relation between the DBI action and the topological two-form 
present in the Lagrangian formulation of the WZW model on a world-sheet with boundary 
0 , 0 , we compute the DBI action on these branes. We show that the target space 


mass computation is in agreement with the CFT prediction. 

In the appendix we present in detail the two-form computation. 
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2. Geometry of the branes 


It was shown in ]TT|] that the non-maximally symmetric D-branes introduced in H 
can be represented as a group product of the T-dualized U(l) subgroup with a conjugacy 
class, 

g = Lhfh~\ (2.1) 


where L — e * a03 , h G G and / is a constant element. In this parametrisation, the 
topological two-form a/ 2 - 1 required to trivialize the WZW three-form on the brane, 


^ WZ (s) Ibrane = ^ <2) . 


( 2 . 2 ) 


can be written as 

w (2) (L, h) = uo f (h) - Tr(L~ 1 dLdCC~ 1 ), (2.3) 

where ujf(h) — h~ 1 dhfh~ 1 dhf~ 1 . Here we explore this representation for branes on the 
SU(2) group manifold. In particular we are interested in checking if this representation is 
one-to-one. Given an element g, L can be found from the condition 

Tr(L-^) = Tr/. (2.4) 


Parameterizing g as 


_ Xo + ix 3 ix 1 - X 2 
9 ' ix 1 + X 2 Xq — ix 3 1 ’ 


(2.5) 


where x% + xf + x\ + x\ — 1, and taking f as f — 


we obtain from ( |2.4j) 


xq cos a X 3 sin a = cos ip. (2-6) 

Using now the angles 0, (f) and (j), 

Xq — cos 6 cos (f) 
x\ — sin 9 cos (j) 

„ . {21) 

X 2 — sin 9 sin cp 

X 3 — cos 6 sin </>, 

we can write ( p.6|) as 

cos 9 cos(ck -|- (f)) — cos 'll). (2-8) 
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We see that, given the condition cos 2 9 > cos 2 ^ satisfied by the element of the brane [9j] , 
a generically (cos z/> ^ 0) is double-valued and equals 


«i : 2 = ± arccos 



Consequently every element of the brane can be written in two ways, 


(2.9) 


where 


Ti ,2 = e 


_ - 2 ( 2120-3 _ 


COS 0 

0 


C 1,2 — 


cos ± iA 
i tan 0(cos ^ =F 


L 2 C 2 , 

(2.10) 

-e^ 0 \ 

cos %j>±iA —iO, J ’ 
cos 6 / 

(2.11) 

i tan 0(cos ^ ± iA)e~ l ^~^ \ 
cos V’ =F zA J 

(2.12) 


and A — cos 2 9 — cos 2 -0. 

It follows from this analysis that generic branes are topologically (17(1) x S 2 )jZ^. 
where Z 2 is the identification of the pairs (Li,Ci) and (L 2 ,C , 2 ). As expected, the subset 
invariant under this identification cos 7 = cos 0 is the boundary of the branes. 

For even k values there exist branes, given by covering the whole group. For 

these branes there exists the dangerous region cos 9 — 0, where a is not defined. Looking 
at eq. ( |2.6|) and noting that for the given values of 9 and ip the left and right sides equal 
zero, we see that in this region ( |2.Ci| ) can be satisfied for any value of a. The existence of 
such a region for the branes covering the whole group was actually expected, because we 
know that w wz (g) defines a non-trivial cohomology class and eq. ( |2.2| ) cannot be satisfied 
everywhere. We are led to the conclusion that the brane covering the whole group is the 
complement of the one-dimensional circle defined by the equation xq — X 3 — 0. It should 
be mentioned that this brane was already found using a different approach in [jl] . 


3. The DBI action 

In this section we compute the DBI action on the branes using the formula |14|], [115 


‘S'dbi = 


\J det((j + cA 2 )). 


(3.1) 
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In the appendix we show that in the coordinates (2/7) (p , (p and 0 the two-form u/ 2 ) 
takes the form 


oo ,, cos 26 
— = F H d 6 A # +- F 


1 


-dcj) A dcp, 


where 


Fpa , = 


tan 0 cos 'ip 


2 tan 0 cos A 


cos 2 9 — cos 2 ?/; 


2 (cos 20 — cos 2 ?/;) 


(3.2) 


(3.3) 


The plus and minus signs correspond to different signs in (|2.9|) . Now we argue that 
only the positive sign should be taken. For this purpose we compute the restriction of the 
two-form ( |3.2|) to the two-sphere conjugacy class given by the condition xq — cos A. This 
should result in the well-known topological two-form for conjugacy classes derived in ||] , 
f| and H . It is useful to introduce coordinates 7 and (3 on the two-sphere : 


Xo — cos ^ 
x\ — sin ijj sin 7 cos (3 
X 2 — sin?/; sin 7 sin (3 
X 3 — sin?/; cos 7 . 


(3.4) 


Using the formulae ( |2.7|) we can express 0, </>, and (j) as functions of 7 and (3. Equating 
Xq + x\ from ( |3~^) and $F7\ ) we obtain: 


cos 2 0 = cos 2 ?/; + sin 2 'll; cos 2 7 , 


(3.5) 


or 


sin 0 = sin?/; sin 7 . 

Equating x'o from ( |3.4| ) and ( [2.7| ) and substituting ( |3.5|) we obtain: 


COS (j) 


cos l\) 


cos 2 ?/; + sin 2 ip cos 2 7 


and 


sin 0 


si n cos 7 


cos 2 'll; + sin 2 ip cos 2 7 


(3.6) 


(3.7) 


(3.8) 
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Equating x\ and aq from ( |3.4|) and ( |2.7|) and substituting ( |3.6|) we note that we can 


set 


0 = P 


(3.9) 


Using (|X3]) , (P)|) ,(|377]) ,M) and ( |3.9|) it is straightforward to compute 


.—i ,,, , sin 9 cos ib , 

Focjjdd A dcf) — ±— 2 n v dy A d/3 


and 


cos 2 0 


cos 29 — 1 , ~ sin 3 0 cos / , 

dcp A dcp — - 9 n — d'f A d/3. 


2 " T cos 2 9 

Putting together ( |3.10|) , ( |3. 1 1| ) , we finally get 


(3.10) 


(3.11) 


U> 


( 2)1 


sin 9 cos ip 


l:co=cosi/’ COS 2 9 
We see that taking the positive sign in (|3.12|) we obtain 


(±1 — sin 2 9)d 7 A d/3. 


(3.12) 


Cc/ 2i I r 0 =cosi/’ = ha'sin 9 cos ipd'y A d/3 — ka' sin ^ simp cos ipd'y A d/3 = ka 


, sin 7 sin 2 ip 


d^Ad(3, 
(3.13) 

which is exactly the two-form for the conjugacy class found in |[| , || and 0 . 

We note that Fg^d9 A dcp coincides with the field strength found in 0 for the B-brane 
on the parafermion disk. (One should take into account that the radius p in that paper is 


p — sind.) This can be explained by noting that, as shown in |T2| , the B-branes on the 
parafermion disk can be derived by the axial gauging of the B-branes on group manifolds. 
Fixing the gauge (p — 0 and using Stokes’ theorem we obtain the boundary term for the 
B-brane on the parafermion disk from the boundary term of the WZW model. 

We now turn to the computation of the DBI action and mass of the branes. 

In the coordinates 6,6 and 9 the metric is 


ds 2 — ka\d9 2 + cos 2 9 dcp 2 + sin^d dcp 2 ) , 


(3.14) 


For ci/ 2 ) given by ( p.2|) and the metric given by ( |3.14| ) , the G + u/ 2 ) matrix is 


G + uj ( 2 ) = ka' 


1 Fo^ 0 

-Fg^ sin 2 # — sin 2 # 
0 sin 2 # cos 2 # 


(3.15) 
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Using (|3.3|) we compute that 


\J det(G + cA 2 )) = {ka') 3 ^ 2 yj sin 2 6 + cos 2 6 = ( ka / ) 3 ^ 2 


sin 26 


2 (cos 2 6 — cos 2 ip) 


, (3.16) 


This result is in agreement with the computation of the overlap of the boundary state with 
the graviton wave packet in [Bj] : 


P) 


0 (cos 26 — cos 2 ip) 


cos 26 — cos 2 ip 


(3.17) 


For the energy we obtain 

p-0 /*27 t 

dd / dp 

1 0 Jo Jo 

Recalling now that the masses of A-branes wrapping conjugacy classes are equal to 


n'ljd p 27T p2 7T , - 

Ebbi — d6 dp d(p'^det(G + — 4n 2 (ka') 3 ^ 2 T^ smijj. (3.18) 


M (A, p) = AitkaT( 2 ) sin ip 

and the relation between the tensions of the D2- and D3-branes, 

7 rVa'T^ = T(2), 

we get 

M(B,p) = VkM(A,Jp) 

as predicted by the CFT computation. 


(3.19) 


(3.20) 


(3.21) 
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Appendix A. The u/ 2 ) computation 


Here we use the Euler angles x ■ V and $ connected to the coordinates (12.71) by the 
formulae 

x = 0 + 4> 

P = 4>-(p (A.l) 

9 = 29. 

In terms of Euler angles, g has the form 


§ j x+v ■ ■ e i x ~ v 
cos Se 2 % sin k 2 

9 — \ . Q j X-V § i X + V 

i sm 2 cos |e 2 


Parametrizing g as g = LC = Lhfh 1 , where / = e*^" 73 , we have 

w (2 ) (L, h) = co f (h) - Ti(L~ 1 dLdCC~ 1 ). 
Using ( |2.11|) and ( |2.12| ) we compute 


U 12 dL 1 ; 2 — 


_[_ i cos 4> tan § dx+dip 




. cos ip tan 


dX+d<P 


2 A 2 d® * 2 


(A.2) 


(A.3) 


(A.4) 


dC^C^ = 


=R 


. cos -0 tan ■ 


2 A 


-d9 — i sin 2 | dtp 


* * * 
8 


. •COS p tan 4 . . 2 0 1 

* * * ±1 - 2a — ~d 9 + i sin §d<p, 

The terms denoted by stars are not important for our purposes. 


Collecting (A.4) and (A.5) we obtain 


(A.5) 


cos if) tan f 


cos ^ tan | cos 9 


, -\ _ _ -1 . us uoii 0 ~ us uciii o ~ <-> w 

T^L^dLi^dCi^C^) = ±-—— -d9 Ad\T --dd A dip + sin 2 -d% A dtp. 


2 A 


Now we turn to the computation of u}*(h). 

Let us take C in the form: 

7 cii C 12 


2 A 


where 


C = 


C21 C22 


c\\ = cosV’ + ix 3 
C 12 = ix 1 - x 2 
c 2 i = ix 1 + x 2 
c 2 2 = cos V? - ix 3 , 


(A.6) 


(A.7) 


(A.8) 
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and x\ + x\ + x 2 — sin 2 ijj. Now we should find an h satisfying the relation C = hfh 1 , 
where / = e*^’ 0 ' 3 . It is easy to check that it is possible to choose an h of the form 


h = 


where 


a — 


b = 


a b 
-b* a* ] ’ 


xi + ix 2 


2 sin -0 (sin $ — X 3 ) 


'sin -0 — X 3 


2 sin ^ 


Substituting ( |A.9| ) in ui-’(h) we obtain 


(A.9) 


(A. 10) 


ctA (h) = 2 i sin 2 ^(a*b*da A db — bb*da A da* — aa*db* A db + abdb* A da*). (A.11) 


Substituting ( |A.10| ) in ( |A.11|) we get: 


f dc 12 Adc 21 . 
u J ( h ) =- : -cos ip. 


ix 3 


Finally, using ( |2.12| ) we get 

uj f (h) = =F 


f , tan f cos 2 I cos ib 

J h\ - -T- Z ^ 


cos 2 f — cos 2 ^ 


dO A dip. 


Inserting now (|A.6|) and (|A.13|) in (|A.3|) we obtain: 


(A.12) 


(A.13) 


0 . , cos fi) tan % ~ cos fi) tan % ~ 0 9 , . 

w 2 (L, h) = ±— _ 2 dOAdxT — , __ " ddAdip— sin 2 -dx^dip. (A.14) 

2 y cos 2 | =F cos 2 ^ 2y cos 2 | — cos 2 ^ 

Then, using the coordinates ( |2 . 7|) we can rewrite ( [A . 1 4| ) compactly in the form 
cu 2 (L,h) 2 cos ^ tan 6 


2 (cos 29 — cos 2 \p) 


-.d9 A dcj) — sin 9d(f> A d<j>. 


(A.15) 


It follows from conformal invariance that in the DBI action we should use half of 


w 2 (L, h) as in (|A.15|) . 
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